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Abstract

Surface-bonded piezoelectric actuators can be used to generate elastic waves for monitoring damages of composite
materials. This paper provides an analytical and numerical study to simulate wave propagation in an anisotropic med-
ium induced by surface-bonded piezocermic actuators under high-frequency electric loads. Based on a one-dimensional
actuator model, the dynamic load transfer between a piezoceramic actuator and an anisotropic elastic medium under in-
plane mechanical and electrical loading is obtained. The wave propagation induced by the surface-bonded actuator is
also studied in detail by using Fourier transform technique and solving the resulting integral equations in terms of the
interfacial shear stress. Typical examples are provided to show effects of the geometry, the material combination, the
loading frequency and the material anisotropy of the composite upon the load transfer and the resulting wave
propagation.
© 2005 Elsevier Ltd. All rights reserved.

Keywords: Actuator; Wave propagation; Anisotropy

1. Introduction

The development of new piezoceramic materials, which are capable of generating larger strains under
electric loads has revived the intense research and development of new piezoceramic actuators for different
structural applications, e.g. large-scale space structures, aircraft structures, satellites, and so forth (Gandhi
and Thompson, 1992; Ha et al., 1992; Varadan et al., 1993). Because of their advantages of quick response,
low power consumption and high linearity, piezoelectric actuators may also be used to induce high fre-
quency elastic wave propagation in different engineering structures for their health monitoring (Fukunaga
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et al., 2002 and Giurgiutiu et al., 2002). In those applications, surface-bonded actuators have the advanta-
ges that they can be attached to existing structures to form an online monitoring system and minimize the
adverse effects on structures by avoiding internal weak points induced by embedded actuators for cases
where the effects of these inclusions are significant. The most fundamental issue surrounding the effective
use of surface-bonded piezoelectric actuators in this type of applications is the evaluation of the load trans-
fer and the generated wave propagation for different actuator designs and arrangements, especially for the
anisotropic host medium which makes evaluation of the results more difficult.

Crawley and de Luis (1987) first analyzed a beam-like structure with surface bonded and embedded thin
sheet piezoelectric actuators to study the load transfer between the actuator and the host beam. In that
analysis, the axial stress in the actuator was assumed to be uniform across its thickness and the host struc-
ture was treated as a Bernoulli-Euler beam. This model was further modified using a Bernoulli-Euler
model of a piezoelectric actuator by considering the linear stress distribution along its thickness (Crawley
and Anderson, 1990). Im and Atluri (1989) further modified the actuator model presented by Crawley and
de Luis (1987) by considering both the axial and the transverse shear forces in the beam. A refined actuator
model based on the plane stress condition was presented for a beam structure with symmetrically surface-
bonded actuator patches (Lin and Rogers, 1993a,b). Recently, Zhang et al. (2003) presented a method to
analyze a piezoelectric layer surface bonded to an isotropic elastic medium to consider the fully coupled
electromechanical behaviour.

Plate and shell models have been extensively used in modeling piezoelectric structures. Wang and Rogers
(1991) modified the classical laminated plate theory to model actuator-induced bending and extension of
laminated plates under static loading. Tauchert (1992) further investigated the control of thermal deforma-
tion of laminated plates using piezoelectric actuators. Typical examples also include the work by Mitchell
and Reddy (1995), Banks and Smith (1995), Reddy (1997), Han and Lee (1998) and Reddy (1999). Finite
element method is currently also being used for active vibration and noise control of piezoelectric structures
(Tzou and Ye, 1994; Lim et al., 1999; for example).

In spite of the fact that different methods have been developed to treat piezoelectric structures, existing
work has mainly been focused on the global response of these systems (Wang and Meguid, 2000). Because
of the difficulties association with the complicated electromechanical coupling, material inhomogeneity and
anisotropy, solutions representing the dynamic local electromechanical behaviour around piezoelectric
actuators have not been properly established. Recently, Wang and Huang (2001) studied the load transfer
between a thin piezoelectric actuator and an anisotropic host medium for the static cases. The singular
stress field around the actuator tips was studied.

The present article is concerned with the development of an analytical solution to describe dynamic
coupled electromechanical behaviour of a piezoceramic actuator bonded to an infinite orthotropic elastic
medium under in-plane mechanical and electrical loads, especially for high frequency cases. The actuator
was characterized using a one-dimensional model. The load transfer between the piezoelectric actuator
and the host structure was determined by using Fourier transform technique and solving resulting integral
equations in terms of the interfacial shear stress. Specifically, two aspects of the work were examined. The
first is concerned with determining the effect of the geometry, loading frequency, the material mismatch and
the material anisotropy upon the load transfer between the actuator and the host structure, while the sec-
ond is concerned with wave propagation in the anisotropic host medium.

2. Formulation of the problem
Consider now the plane strain problem of a thin piezoceramic actuator bonded to a homogeneous aniso-

tropic elastic medium, as illustrated in Fig. 1. The poling direction of the actuator is along the z-axis and the
half length and the thickness of the actuator are denoted « and /4, respectively. A voltage between the upper
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Fig. 1. An actuator surface-bonded to a host medium.

and the lower electrodes of the actuator is applied, which results in an electric field of frequency w along the
poling direction of the actuator, E. = (V~ — V")/h. For the steady state response of the system discussed in
this paper, the time factor exp(—iwt), which applies to all the field variables, will be suppressed.

2.1. Modelling of the actuator

Attention will be focussed on a thin-sheet actuator, for which the thickness is small compared with its
length. When an electric field E. is applied across its thickness along the poling direction, the actuator is
deformed in both axial and transverse directions. Because the thickness of the actuator used is very small
in comparison with its length, the applied electric field will mainly result in a deformation along the axial
direction. Accordingly, the actuator can be modelled as an electroelastic element subjected to the applied
electric field and the distributed interfacial stresses, as shown in Fig. 2. In this figure, t represents the inter-
facial shear stress transferred between the actuator and the host medium. It is assumed that the stress of
and displacement »? are uniform across the actuator. Therefore, the equation of motion of the actuator
along the axial direction can be expressed as

a
y 2. a __
d—y+T(J’)/h+Paw u, =0, (1)
where p, is the mass density of the actuator.
Under plane strain deformation, the axial stress in the actuator (o}) can be expressed as
0;1 = E.&) — ek, (2)
where E, and e, are effective elastic and piezoelectric material constants given in Appendix A and the strain
component is given by
du?
& =2 3
=G ()
Since the load transferred between the actuator and the host medium can be attributed to 7, the two ends
of the actuator can be assumed to be traction free, i.e.

o,=0,  Dpl=a )

T Gy—i—de
© ==

——— — —— ——

host medium

Fig. 2. Actuator model.
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The axial strain and the transverse stress of the actuator can then be obtained in terms of the interfacial
shear stress 7 by solving Eq. (1) as

a sink,(a + “ i (&
100 = 000) + S0 [ o (¢ - ape(@)aé - [ coskule -0 T de 5)
where
_e,E; cosk,y
e () = E, cosk,a (6)
and

kya=w/c,, c.=+E./p, (7)

with k, and ¢, being the wave number and the axial wave speed of the actuator, respectively.
2.2. Elastic field in the host structure

Consider now the deformation of the host orthotropic elastic medium with the principal elastic axes
being parallel to y and z axes. The solution of the displacement components can be obtained by solving
the governing equations of the problem using Fourier transform technique, as shown in Appendix B.
The governing equations in Fourier transform domain can be expressed as

o’u, 5 o

c33 aZZy + (po” — 6’11S2)M_y —is(cin + ¢33) 0z 0, ®)
o' 2 N 0uy

cn——+ (po” — 3357z —is(cin + c33) == =0, )
0%z 0z

where cy1, 25, €12 and ¢33 are material constants given in Appendix B, w is the input loading frequency,
u, and u, represent the displacement components along z and y directions in Fourier transform domain.
The solutions of u; and u, are generally in the form of

u, = Ae", u, = Be", (10)

where 4, B and 5 can be determined by solving the following eigenvalue problem

{3}=0 (1)
5[ =
with w} = pa?.

A solution for the Eq. (11) exists only for those values of # for which the determinant of the coefficient
matrix vanishes. The determinant of the above matrix, when expanded, yields the characteristic equation
for n given by

2 2 2 H
600 — C118 —+ C331] 7LS‘11(C12 + 033)

: 2 2 2
—1S7](012 —+ C33) (UO — C338 =+ CnN

m1r]4+m2n2—|—m3 :07 (12)
where

mp = CxCs3, (13)

my = (2c1p¢33 + ¢f, — cnen)s’ + (en + ez, (14)

msy = (wf — c118?) (0f — c335°). (15)
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Eq. (12) admits four solutions for # which, because of the absence of odd-power terms, are related by

ny=—m,  Ny=-m (16)
with
n = Yeme [—(c2 + exs)ayy + (crien — 2ciac33 — ¢1,)s” + v/m], (17)
22C33
’7% = 2ene [—(cn + 033)60(2) + (cricn — 2c12633 — 0%2)32 — /], (18)
22C33
m = dw} + bs* + 2cs’ 0} (19)
and
d= (C22 - C33)27 (20)
b= ((311022 — 2cnpes3 — 012)2 - 4011C22€§37 (21)
c= 26‘220§3 + 2ciieme33 — (€2 + €33)(crienn — 2c1pe33 — C%z)- (22)

The corresponding eigenvectors are obtained as

A =isn(ciy + ¢33)f (s), B = (w2 — st + C33112)f(s), (23)

where f{s) is the unknown function of s.
The principle of superposition now yields formal solutions of the form

w, = —i(cry + ca3)snifi(s)e™ " —i(cir + c33)smafa(s)e ™, (24)

i = (0 —cps® + 0331ﬁ)e*”'z + (w2 — st — c.:,m%)e*”zz, (25)

where the roots of (12) with positive real parts have been selected to satisfy the infinite boundary require-
ment for the solutions.

The transformed stresses and strains are obtained by substituting the displacements of (24) and (25) into
the constitutive relations to yield

EZ = —[(012 + C33)6‘1232 + 022((1)2 — 011S2 + C33ﬂ%)]111f1 (s)e”“z — [(012 + C33)012S2 + 022((1)2 — C“S2
+ casmy) i fa(s)e ™, (26)
Eyz = iSC33[C]1S2 + 61217% — U)z]fl (s)e”“z + iSC33[C]1S2 + 612175 — CL)Z]fQ (s)e”“z. (27)

According to the present actuator model, the normal and shear stress components along the surfaces of
the host medium should satisfy

0.(»,0) =0, 0}7(% 0) = -t (28)

Making use of Eqgs. (26)—(28), the strain components &, at z = 0 can be expressed in terms of the shear stress
T as

S o A A -
8y| :M/ ‘[(u)/ ISM671S07u)dsdu7 (29)

matrix
2ne 33 0 A

where

A1(s) = 5°(c}, + craes — c11en) + e’ + encan;, (30)
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Ay(s) = —[s°(c, + caes — crien) + e’ + encan), (31)

A(s) = (ens® + 0121”]% — M) A1(s) + (cns® + 0127’13 — ) A5(s). (32)

2.3. Dynamic load transfer and stress distribution

The continuity between the actuator and the host structure at z =0 can be described as
&) =60,0) Pl <a (33)
By substituting Egs. (5) and (29) into Eq. (33), the following integral equation can be obtained

M/ﬂ(é)[ AL Ay g dpw[ cosky (& — a)T(¢)d¢

271cs3 A hE, sin 2k,a
! ($)
ka(&— d
[ ot n
e, E, cosk,y
= . 34
E, cosk,a (34)
Asymptotic analysis of ’“"'Z"Z“Z indicates that
V| A 1
i S(e12 +33)(m Ay + mpds) 1 (35)
§—00 C33A E
where E is an effective modulus of the host medium given by
K\K>(By — B1) |
¢33 < 5(+/C11€2 — C12),
(K + Ka)(cns + x3) 13 < 1 (Veren — en)
z
_ 2 1
) =2 ¢ =1 (V/Criem — c2),
E=1%, (clz +c;3) n =3 (venen —en) (36)
+1_<
M C33 > %(\/611022 —cn),
Ki(ciz+c33)
where
K, = —(szczsﬁg —cnen + ey +eney), Ka= (022033ﬁT —cnen + ¢y + cness),

7 2 - 2 2 -
Ky =2cnenfy, Ko = cnefy — crien + ¢, +ciaess, Ky = 2B3f,60033,

— _ 2
K2—02203% ﬁ4 —C116‘22+012+01201%7 0 = VUi, ﬁl = \/ul‘f'\/ul — U,
2 2
2 Vi tup + uy VU2 — U cnien +c3; — (c12 +c33)
u] — Uy, ﬁ3 ) uy = )
2 20633

Therefore, Eq. (34) is singular integral equation of the first kind, which involves a square-root singularity
of 7 at the ends of the actuator. The general solution of = can be expressed in terms of Chebyshev polyno-
mials, such that

Cn

022
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0) = Yo T /)T 7 (37)

with T being Chebyshev polynomials of the first kind.
If the expansions in (37) are truncated to the (N)th term and Eq. (34) is satisfied at the following collo-
cation points along the length of the actuator (Wang and Huang, 2001)

y' = acos (ﬁ@ 1=1,2,...,N, (38)
N linear algebraic equations in terms of {c¢} = {¢},¢a,...,cx_1} " can be obtained as

[Ol{c} ={F}, (39)
where [Q] is a known matrix given in Appendix C and {F} is the applied load with

Fi=¢e(y") 1=1,2,...,N. (40)

From these equations, the unknown coefficients in {c} can be determined, from which the shear stress z can
be obtained.

The resulting elastodynamic field in the host medium can then be determined from the solutions of <,
using Eqgs. (26) and (27), as

o) =5 [ @) [ D tasaer s [T [ e asas @)
1 o0 o0 ) ; 1 o0 o0 ) B
0.(y,z) = > / (&) / Ds(s)e =509 dsdé + 7 / (&) / Dy(s)e 509 dsde, (42)
1 00 0 ) ) 1 00 0 ) ,
02 =5 [ &) [ Diwerioddsae o [ @) [ poernidasds @)
where
—iA,[s? _ 2 2 2
Dy(s) = idi[scri(cin + c33) — cialessny —ens” + @ )]7
SC33A
—idy[s%c1i(c1a + ¢33) — cra(e3an? — enis® + o
Da(s) = 2lsern(en + ¢33) 1(exn; —cn )],
sc3zA
—id;[s?c12(c1a + ¢33) — em(c3n? — cis? + o
Dy(s) = 1[s*cia(ern + €33) — can(esamy 1 )],
scizA
Da(s) = —idy[s%cia(c1n + e33) — en(enn; — cns® + w?)) 7
SC33A
Ds(s) = Ay(s%en +512'ﬁ - 602)’
De(s) = As(s*en +512ﬂ% —o?)

Using the solution of 7 given by Eq. (37), the integration in Eqgs. (41)—(43) can be simplified as following:

ay(yaz) = Z

J=1

c/{ (=1)" [y Hi(s,2)J(sa) cos(sy)ds  j=2n+1, (44)

(—=1)"*! Jo Hi(s,2)J;(sa)sin(sy)ds  j = 2n,
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R —1)" [¥ Ha(s,2)Jj(sa) cos(sy)ds  j=2n+1,

o:02) = Z: { —1)"! Jos Ha(s,2)J j(sa) sin(sy)ds  j = 2n, (45)
3 (=1)" [T H3(s,2)J ;(sa) sin(sy)ds  j=2n+1,

0\ 2) = ZC{ —1)" fow H;(s,z)J;(sa) cos(sy)ds j = 2n, (46)

where H,(s,z), Hy(s,z), H5(s,z) are given by
H(s,z) = Di(s)e™ 4+ Dy(s)e™ ",
Hy(s,z) = D;3(s)e™"" + Dy(s)e™ ",
Hs(s,z) = Ds(s)e™" + Dg(s)e™ ™.
The stress field is singular near the tips of the actuator. This singular behaviour can be characterized by a
shear stress singularity factor (SSSF), S, defined by
5. = lim[y/2(a — y)e(v).

| (47)
S = y]lr{la[\/2n(a +y)t(»)],
with subscript ‘T” and I’ representing right and left tips, respectively.
According to this definition, the SSSF can be expressed in terms of ¢; as being
N N
= \/anZ(—l)jcj, S, = \/aanj. (48)
j=1 j=1

3. Analysis and discussion

This section will be devoted to the discussion of the load transfer from piezoelectric actuators to the host
structure and the behaviour of the resulting wave propagation under different material amsotroples and
loading conditions. In the following discussion, the material mismatch is defined as ¢ = Z& and the block
stress is defined as og = ¢,F..

3.1. Validation of the model

To verify the validity of the current model, consider first the quasistatic behaviour of actuators bonded
to an anisotropic host medium. The material constants of the actuator and the host medium are given as
(Park and Sun, 1994)

Actuator

c11 =139x10"°Pa, Y =678 x10"Pa, ¥ =743x10°Pa, ¥ =11.5x 10" Pa,
¥ =256x10"Pa, e =-52C/m? €Y =151C/m* ¥ =127C/m’
&Y =6.45x107°C/Vm, &Y =562x10" C/Vm.
Orthotropic medium
e = 13.92 x 10" Pa, e = 160.7 x 10" Pa,
¢33 = 7.07 x 10" Pa, ¢ = 6.44 x 10" Pa.
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Isotropic medium
E=54x10" Pa, v=0.3.

To compare with the prediction by the current model, finite element method (FEM) is conducted using
commercially available finite element code ANSYS to analyse the static stress distribution along a surface-
bonded piezoelectric actuator. Two-dimensional coupled-field element (four nodes “PLANE13”’) with three
degrees of freedom per node (u,, u., V') has been chosen for both the host medium and the piezoelectric actu-
ator. A voltage is generated across the thickness of the actuator by applying different electric potentials to
nodes along the upper and lower surfaces.

It should be noted that an isotropic medium will satisfy the relation ¢33 = % (\/m — clz). For the iso-
tropic medium, the effective modulus E in Eq. (36) will result in £ = E/(1 — v*) (Wang and Meguid, 2000)
and therefore the same interfacial shear stress t* can be obtained if the same effective modulus is used for
both anisotropic and isotropic media.

In the current example, the orthotropic and isotropic media have the same effective modulus E, which
results in ¢ = 3.0, as defined in Eq. (36). Our analytical model predicts that interfacial stress uniquely de-
pends on ¢ for the static cases in considering the effect of the material properties. The comparison of t* = =
in Fig. 3 for the case where the ratio between the length and the thickness of the actuator o = a/h = 20 con-
firms the feasibility of the present model. It is very interesting to mention that FEM results from orthotro-
pic and isotropic media give very close interfacial stress distributions for the same material mismatch ¢. The
discrepancy between the analytical prediction and the FEM results may be caused by the one-dimensional
assumption of the actuator.

3.2. Dynamical stress distribution along the interface

Fig. 4 shows the real part of the normalized dynamic shear stress distribution t* = t/og along the inter-
face between an actuator and the matrix for the same anisotropic host medium in Fig. 3 where « = a/h = 20

05 T I T I T I T
| — Current model |
o FEM Anisotropic
A FEM lIsotropic
0.25

-0.25

_ 1 | 1 | 1 | 1
0'5-1 -0.5 0 0.5 1

yla

Fig. 3. Comparison of distribution of the interfacial shear stress.
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Fig. 4. Effects of loading frequency upon the interfacial shear stress.

and p,/py = 1, with p, and py being the mass density of the actuator and the host medium, respectively.
The wave number (ka) shows significant effects upon the load transfer, as evidenced by the increase of the
stress level in the region of y = —0.94-0.9a with increasing ka.

To investigate the effect of material anisotropy upon the dynamic load transfer predicted from the cur-
rent model, numerical simulation is conducted. Fig. 5 shows the effect of the Poisson ratio v,. = c¢12/c1;
upon the real part of the dynamic interfacial stress t* for ka =2, p./pu =1, cn/c;1 =3 and c33/cy =
0.1. It can be found that the interfacial shear stress in the region of y = 0.3a-0.8a will increase with the in-
crease of ratio ¢;»/c;;. Fig. 6 shows the effect of ¢33/cy; upon the real part of the dynamic interfacial stress t*
for ka =2, pa/pu =1, cxn/ci1 = 3 and ¢1»/c;; = 0.15. The interfacial shear stress in the region of y = 0.3a—
0.8a will decrease with the increase of the ratio ¢33/c;;. Comparing the results in Figs. 5 and 6, it is inter-
esting to note that the dynamic interfacial stress is relatively insensitive to the change of the Poisson ratio
but is sensitive to the change of the shear modulus c¢33. Fig. 7 shows the effect of ¢,,/c;; upon the real part of
the dynamic interfacial stress t* for ka = 2, p./pu = 1, ¢33/ci; = 0.3 and ¢;»/c;; = 0.3. It is observed that the
material anisotropy will cause a significant change on the dynamic interfacial stress, which indicates that we
should consider the effects of the material anisotropy properly.

3.3. Singular stress field around the actuator

Another interesting issue is the local stress field around the tips of the actuators. The normalized dy-
namic stress intensity factors S* = S/opv2na is depicted in Fig. 8 for ka=2, pa/pup=1, =03
and < = 0.3. It shows a significant effect of the material anisotropy c;1/c,» upon the singular stress field
around the tip of the actuator. With the increase of the length of the actuator (a/h), the singular field will
approach a steady state, as evidenced by the fact that S* tends to a constant for large a/h. The variation
of the normalized stress intensity factors $* is shown in Fig. 9. It is observed that the material combination
¢q has significant effects upon the singular stress at the tips of the actuator. It is interesting to note that S*

is not sensitive to the loading frequency until ka approaches 10.



G.L. Huang, C.T. Sun | International Journal of Solids and Structures 43 (2006) 1291-1307 1301
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T*

0.2

T*

0 0.25

Fig. 6. Effects of c33/c;; upon the interfacial shear stress.

3.4. Wave propagation in the host medium

Fig. 10 shows the amplitude of the resulting elastic wave propagation from a single actuator ¢} = 0, /0
in the host medium for ka = 2, p,/py = 1, . = 10, ‘ﬁ = 11.53, ‘ﬁ = 0.46 and = = 0.51. High stress concen-
tration can be observed around the tips of the actuator. The stress will be reduced with the distance from
the actuator and eventually generate a Rayleigh wave, which propagates with a constant amplitude along
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Fig. 8. The shear stress singularity factor S*.

the surface of the matrix. Fig. 11 shows the corresponding results for ka=2, p./pu=1, a=10,
2= = 2.53, “” = 0.46 and C;‘ = 0.51. Comparing the wave field in Figs. 10 and 11, it can be found that
the material amsotropy will have significant effects upon the resulting wave field. Flg 12 shows the ampli-
tude of o} = 0,/0p in the matrix caused by the same actuator and the host medium discussed in Fig. 8 for
the case where ka =10.0. A strong wave propagation along 0 = 45° with respect to z-direction can be
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observed. This is believed to be caused by the increase of the dynamic shear stress along the actuator-matrix
interface due to high loading frequency.
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Fig. 11. Normalized local stress distribution .
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Fig. 12. Normalized local stress distribution ;.
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4. Concluding remarks

A general analytical solution is provided to the dynamic coupled electromechanical behaviour of a pie-
zoelectric actuator bonded to an orthotropic elastic medium under plane electric loading. The analysis is
based upon the use of a piezoelectric line model of the actuator and the solution of the resulting singular
integral equations. The validity of the present model have been demonstrated by application to specific
examples and comparison with the corresponding results obtained from finite element analysis. The numer-
ical results show effects of the geometry, the material combination, the loading frequency and the material
anisotropy of the composite upon the load transfer and the resulting wave propagation.
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Appendix A. Effective material constants

The mechanical and electrical properties of piezoceramic materials can be described by

{o} = [cl{e} = [el{E}, {D} = [e[{e} + [e{E},

where

1
€ =5 (wij+u;), Ei=-V,

In these equations, {¢} and {e} are the stress and the strain fields, {D}, { £} and V represent the electric
displacement, the electric field intensity and the potential, respectively. [c] is a matrix containing the elastic
stiffness parameters for a constant electric potential, [¢] represents a tensor containing the piezoelectric con-
stants and [¢] represents the dielectric constants for zero strains.

According to the electroelastic line actuator model, o. = 0 and ¢, = 0. The effective material constants of
the actuator can then be determined as

2

c .
E, = c;; — 2 plane strain,
C33

_ 13 | .
e, = e;3 — e33— plane strain,

€33
2

€3 .
& = &33 + C— plane strain,
33

where the direction of polarization is designated as being the z-axis.

Appendix B. Basic solution for an orthotropic medium
If the half space shown in Fig. 1 is an orthotropic medium whose principal elastic axes (in the two dimen-
sional case) are parallel to y and z axes, respectively, The constitutive equation is as follows:

gy C11 C12 0 &y

0 =|lcn c» O &
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Using the strain—displacement relation and substituting the constitutive relation into the equilibrium
equations give

2 2 2
c11 % + szj + (c12 +¢33) L = —szuw
0%y %z dyoz
o 2 2
35—+ cE +(cn4cen)=—% = —pw’u,.
oy o’z 0y oz

Here u. and u,, represent the displacement components along z and y directions. Applying Fourier trans-
form with respect to y defined by

(s, 2) :/ u,(y,z)e™ dy, u(s,z) = u-(y,z)e dy

o0 —00

the equilibrium equations in the Fourier transform domain can be expressed as

T ] o
c33——|— (Pw —C11S2)”y —is(cn + €33) . =0,
oz 0z
aZu— au

z 2 2\—
L (p? — —is(cs + = 0.
Cx 622 (,060 C33S8 ) (6‘12 033) aZ

From these equations, the two unknown functions #,(s,z) and #(s,z) can be obtained, which are given
in Egs. (24) and (25).

Appendix C. Governing equations

The matrix [Q] used in Eq. (39) for solving the single actuator problem is given by
1 l

T = sin[jcos™'n mAa + 42 _
Qlf:_fzcjismcos ; ch/ Pl ( ST 2 +l)ds
o0 & " ) o sinfk
+Eav;cj/mw cosk,(cos 0 —n")] cos(;@)d@—]?a in(2 ZC‘/P2.

In above equations,
'/’] :yl/a7 EZKQ, k:ka, ka :kaay S = sa

and

with J; (j = 1,2...) being the Bessel functions of the first kind.
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